We study the e ects of roughness in a graphene layer that lies on a substrate with rough surface on the dynamic response of such a structure. Using an analytical expression for the dielectric function of at graphene in the optical limit allows us to tackle the e ects of roughness on the sheet plasmon in graphene. We rst formulate a stochastic eigenvalue problem for the plasmon dispersion in terms of the roughness parameters that include both the auto-and the cross-correlation functions of graphene and the substrate surfaces. Using the projection operator method we reduce this problem to an integral equation for an e ective dielectric function of graphene, which implies the existence of plasmon damping due to the roughness e ects.
Introduction
Graphene plasmonics, the intersection of the nano-scale physics that makes graphene fascinating with the optical features of its plasmons, has been a recent and popular eld of study over the past few years [1] . Graphene is known for its versatility, tunability, and strong conductivity, making it a possible candidate for many optical and electronic instruments. It is particularly important to understand how sensitively graphene responds to e ects such as doping and the presence of nearby dielectrics [2, 3] .
In many of these applications, a graphene sheet is placed on a substrate, or sandwiched between layers of dielectric materials. Preference is usually given to insulators and metals that only engage in weak interactions with graphene of the van der Waals type, leaving the structure of graphene's π electron bands largely intact in the vicinity of its Dirac point [4] . Given that the gap between graphene and a nearby dielectric is typically a few Angstroms wide, the two materials interact electromagnetically.
However, many of the dielectrics used as a substrate for graphene, such as SiO , exhibit a very rough surface, a common occurrence on the nano-scale. In addition, while free-standing, or suspended graphene also exhibits a tendency to ripple, the shape of supported graphene may be to some extent determined by the shape of the substrate surface. For example, Atomic Force Microscopy (AFM) of the boundary between a mono-layer graphene sheet and a SiO substrate showed that the graphene sheet is approximately 60% smoother than the oxide surface, with the standard deviations of the height variations being 2.2 Å and 3.1 Å for the graphene and oxide surface, respectively [5] . Assuming that these variations are independent and normally distributed, one nds that the standard deviation in the gap size between graphene and the SiO substrate is about 3.8 Å, which is smaller than the measured mean of about 4.2 Å between the two surfaces [5] , and is comparable to the layer-to-layer spacing of 3.4 Å in bulk graphite. Due to the fact that graphene partially rests on the SiO surface, the mean height between the two surfaces is on average less than 3.8 Å.
In addition, the AFM measurements found that the height-height autocorrelation functions of graphene and the oxide surface have the correlation lengths of about 21 nm and 15 nm, respectively [5] . Such large correlation lengths may be responsible for the formation of a system of electron-hole puddles [6] in a nominally neutral but corrugated graphene in the absence of charged impurities [7] . On the other hand, we note that in realistic situations graphene is typically heavily doped by spontaneous electron transfer from a substrate. For example, graphene on a SiO substrate is doped with electrons up to a density of n ≈ × cm − [8] .
With the Fermi wavenumber of graphene being k F = √ πn, the regime of heavy doping is quite desirable for graphene applications in plasmonics because a well-de ned sheet plasmon mode exists in the domain given by v F q < ω < v F ( k F − q) in the rst quadrant of the (q,ω) plane for elementary excitations in graphene (here v F ≈ c/ is graphene's π band Fermi speed with c being the speed of light in free space). Moreover, in the regime of heavy doping, one may neglect uctuations in the equilibrium charge carrier density n across graphene due to the corrugation of its surface and hence apply the linear response models that are available for at graphene [9, 10] . By using those models it was shown that dynamic polarization of doped graphene by externally moving charges is surprisingly strongly a ected by the size of a (uniform) gap between graphene and a substrate with at surface [11] . Those ndings raise questions as to how sensitive the linear response of graphene is and, in particular, its plasmonic behaviour due to uctuations of the gap size across the graphene-substrate interface in the case when both the substrate and graphene surfaces are characterized with roughness parameters. This problem is tackled here by combining the electrostatic Green's function for a semi-in nite dielectric medium with a randomly rough surface [12] and the polarization function of graphene, described as a zero-thickness layer with its own respective roughness [9, 10] . This is achieved by generalizing the method used by Farias and Maradudin in Ref. [13] . In addition, several approximations for the correlation between the two rough surfaces are discussed including the special case of graphene resting directly on a rough substrate, such that they share a rough pro le.
We rst discuss the assumptions made about the substrate surface and the graphene, followed by an implementation of the Green's function approach to tackle the plasmon mode, and conclude with a discussion about some experimental phenomena that result from this system.
Stochastic eigenvalue problem for plasmons
Many types of substrate are used for nano-scale electronics. However, whether it be a dielectric, a semiconductive material or a metal, it is experimentally impossible to achieve a perfectly at surface. This is especially true in some forms of graphene fabrication, such as mechanically exfoliated graphene supported by a SiO substrate [5] . We have a similar issue for graphene, where an ideally at surface is in uenced by thermal uctuations, van der Waals forces, electronic orbital repulsion, and forces of lateral tension and bending rigidity that shape the graphene around the roughness of the substrate.
. Stochastic description of roughness
We make the assumption that both the substrate surface and the graphene layer behave in a randomly rough manner, according to the correlation pro le
where hs,g( r) are the heights in the z-direction of the substrate and graphene, respectively, at the point r in the xy-plane. The averaging brackets · · · are shorthand for an integration over all realizations over a surface, which is assumed to be both translationally invariant in the vector r and isotropic. In the following we shall drop the indices s and g unless they are necessary. Wavevectors are a more convenient setting to explore the e ects of roughness, so the Fourier transformed (FT) surface pro le function [14] . reads as
where k =xkx +ŷky. The moments in k-space become
where the function
is the FT stationary autocorrelation with k = | k| and r = | r|.
We introduce the Gaussian autocorrelation function (chosen such that h( r) = ) as
where a is known as the transverse autocorrelation length, as it describes the mean value length between two peaks or two valleys on the surface. The parameters σ and a quantify how 'random' a surface is. Small values of a correspond to white noise, while large values imply less erratic behaviour. Likewise high σ yields a much rougher surface than σ = , the at surface. The choice of a Gaussian autocorrelation function to describe the two rough surfaces is motivated by correlation data [5] , which presuming a Gaussian correlated surface are σs =3.1 Å, σg =2.2 Å, as =15 nm and ag =22 nm. The relation asσs ≈ ag σg is typical for exible membranes resting on rougher substrates [17] , motivating us to believe the substrate and graphene surfaces are closely correlated. Our autocorrelation function has a simple analytic Fourier transform in the Gaussian model,
The autocorrelation is not the only determining factor in the analysis of roughness, as the correlation between these two nearby surfaces plays a role. We are interested in the e ects of uctuations in the gap size between graphene and substrate, hg( r) − hs( r), about the mean distance h , for which the autocorrelation function may be generally written in the FT space as
where
In the above expression we have de ned the cross-correlation between the pro le functions of the substrate and graphene in the FT space as
where we invoked the translational invariance and isotropy of both surfaces. In view of the lack of experimental information on the momentum dependence of the function Cgs(k) we can resort to approximate treatments. A simple assumption of the statistical independence, hg( k) hs( k ) = , amounts to simply using Γ(k) = Cg(k) + Cs(k) for the gap size uctuations in the Fourier space. The other approximate treatment is based on suggestions by Cullen et al. [14] that the two surfaces are nearly perfectly correlated. We can hence also invoke the approximation Cgs(k) = Cs(k) Cs(k), so that the gap correlation function has the form
In a more general case, one may resort to the concept of the so-called healing function for the cross-correlation function, in analogy to the studies of the structure of elastic charged membrane on a rough surface [15, 16] . Understanding the stochastic behaviour of the gap between graphene and the substrate, as mentioned in the introduction, is crucial in determining the e ect the gap plays in the strength and wavenumber dependence of plasmons sustained on graphene.
. Electromagnetic Boundary Conditions for Rough Surfaces
Now that we have a stochastic way of describing the surface, we need to use this description to determine modi ed electromagnetic (EM) boundary conditions due to roughness. We start with the assumption of using the quasi-static limit of Maxwell's equations with the Coulomb gauge, allowing us to describe homogenous media without free charges via Laplace's equation. Considering Fig. 1 we let hs,g( r) be the height pro les of the surfaces, giving the height at a planar point r = (x, y). Then the partial di erential equations (PDEs) for the electrostatic potential, given in the three regions by
∆ϕ ( r, z) = , hg( r) < z (12) are to be solved subject to the following matching and boundary conditions
is the normal derivative to the rough surface characterized by z = hs,g( r), de ned via the relation ∂f /∂ns,g = ns,g · ∇f ( r, z) withns,g = ns,g / ns,g being a unit vector for ns,g = − ∂hs,g( r)
∂x , − ∂hs,g( r)
∂y , . In Eq. 15 ρ is the surface charge density in graphene, whereas in Eq. 16 ϵ is the dielectric constant of the semi-in nite material in region 3 (see Fig. 1 ). While assigning a frequency dependence to ϵ may be used to describe dynamic modes of the substrate in the local approximation, we assume ϵ to be constant and focus on the dynamic response of graphene situated at an average height h above z = hs( r), which will be su ciently high above any rough behaviour of the substrate.
. Green's Functions and First-Order Perturbations
Following the route of Farias and Maradudin [13] , we turn our three-potential system of PDEs into one with only one potential in region 2 of Fig. 1 ϕ
which solves Laplace's equation between two boundaries, the substrate and the graphene. We introduce the Green's function G of the Laplace equation as the solution of the equation
which, with vanishing boundary conditions at in nity, means we can write it as
with q = | q|. From Farias and Maradudin [13] we have for z in region 2 of Fig. 1 =
which given the potential (Eq. 19), the Green's function (Eq. 21), and the normal derivative (Eq. 18) yields
−(∇ r hs( r )) · (−i q) + q A( k)e −khs( r ) + B( k)e khs( r ) − ϵ −(∇ r hs( r )) · (i k) − k A( k)e −khs( r ) + −(∇ r hs( r )) · (i k) + k B( k)e khs( r )
.
The scale of roughness for the surfaces in the problem is expected to be much smaller than the length scale h , so we can treat our problem perturbatively, assuming e qhs( r ) ≈ + qhs( r ). We also here invoke some
Fourier transforms via the relation d r e i( k− q)· r (· · · ) so that
This rst-order perturbation in the height pro le is then given by 
This stems from the de nition of the surface charge carrier density in graphene ρ in terms of the in-graphene potential and the polarization function X( r, ω), within the assumption of local screening across graphene, which is
or, fully written out,
where the polarizability of graphene χ( k, ω), de ned as the FT of X( r, ω), is related to its optical properties (e.g. plasmons). We again perturb the above equation, this time to rst-order in hg, giving
Equations 25 and 29 make up the two stochastic equations that tell us the plasmonic properties of our combined graphene-substrate system. We will show how the functions A(q) and B(q), which are the FT components of the stochastic potential ϕ, can be eliminated from these two equations to yield a relation between the wavenumber q and the plasmonic frequency ω, done via an averaging technique we call the projection method. This will be covered in the next section. In the case of a at surface, where hs,g = and hence no stochastic variables appear, our two equations boil down to
This equation, for a given dielectric constant ϵ and height h , gives a dispersion relation for graphene plasmons in the case of a at surface. For completeness, we include the case of graphene resting directly on top of a substrate, such that h = and they share a roughness pro le hs( r) = hg( r) ≡ h( r). This involves combining Eqs. 15 and 16 and accounting for ϕ = ϕ so there is no longer a term B( k)e kz in the potential. The stochastic dispersion relation reads as
which in the limit of zero-roughness gives the at surface dispersion of graphene in Eq. 30 with h = .
Polarizability of Graphene
As mentioned before, part of graphene's potential as a useful electronic material is its sensitivity to its surroundings. Its chemical potential µ = v F k F can be changed by using a back gate or by doping. We use here expressions for the graphene polarizability function χ(q, ω) that are obtained in the Random Phase Approximation (RPA) at zero temperature [9, 10] . In the optical limit one nds for the polarizability
which is valid for ω v F q. By invoking the dielectric function of at graphene as
where ϵ bg ≡ (ϵ + )/ is a background dielectric constant, and setting ϵ(q, ω) = , the above result gives a sheet plasmon with the square-root dispersion relation in the limit of long wavelengths, ω ≈ e v F k F q/ ϵ bg ∝ n / q / , showing its dependence on the doping density of graphene n. This result will be changed by incorporating the substrate with a randomly rough surface a nite distance underneath graphene.
To obtain the polarization outside of the limit ω v F q, the full RPA polarization function Π(q, ω) must be used. For example, in that case one nds that the sheet plasmon su ers strong Landau damping due to inter-band electron-hole excitations for frequencies ω > v F × max (q, k F − q) [9, 10] .
Projection Method for Graphene-Substrate System
We adopt the projection operator method developed by Farias and Maradudin [13] and generalize it to the problem of a single layer of graphene with its intrinsic roughness laying on a substrate with rough surface. We rst consider the case of zero gap between graphene and the substrate, where the shape of graphene follows the shape of the substrate surface, so that h = and hg( r) = hs( r) ≡ h( r), which amounts to scalar integral equations for the e ective dielectric function of the system, ϵ(q, ω) − m(q, ω). We then generalize the problem to the case of nite gap, h ≠ , where the roughness functions of the graphene layer and the substrate surface may exhibit an arbitrary degree of correlation, giving rise to a matrix integral equation for the e ective dielectric function of the system.
. The case of zero gap
We follow the procedure of Farias and Maradudin [13] to turn Eq. 31, an equation involving the integration over wavenumbers of two stochastic parameters A( q) and h( q), into an equation involving only the FT correlation of our height parameter h( q) h( q ) and the elimination of A( q) . We later provide the solution to the case of rough substrate and graphene surfaces with a nite gap using this same method. The eventual goal is to extract A( q) from the integration, as this FT potential component will be non-zero when the sustained plasmon mode exists on the graphene and zero otherwise.
The equation we wish to solve (Eq. 31) is of the form
Via the projection method [13] we rewrite this as
where the operator M satis es the equation
all by de nition.
where we dropped ω in the quantity W(q) ≡ ( πe /q)χ(q, ω) recalling that ω is not involved in our integrations. We de ne matrices H and V in Eq. 34 as
and
We likewise make the approximation
Our only change in de nition is that for the loss function, which now will take on the form
This extends the analogy of the plasmon dispersion being given by the relation ϵ(q, ω)− m(q, ω) = to matrices. Analyzing this loss function gives indications about where the plasmon modes lie. Our matrix G( p, q) is now de ned as an inverse calculation
The matrix M ≈ V G V is de ned as M = ( π) δ( q − p)m(q, ω), with the elements
where we used the properties of the correlation functions in Eqs. 5 and 9. By this de nition we see that the FT autocorrelation functions of the substrate and graphene rough surfaces as well as the FT cross-correlation between the surfaces, hg( q) hs( q ) and hs( q) hg( q ) , all contribute to the dispersion relation, given by det[ε(q, ω) −m(q, ω)] = . This is why an approximation must be made about whether the two surfaces are fully correlated or not correlated.
We see again the issue that, by our de nition of G in Eq. 50, which has the determinant det[ε(q, ω) − m(q, ω)] in the denominator, we will need to include some imaginary component to the denominator to make the integration converge. This lends to the idea that roughness intrinsically dampens the plasmon from a mathematical viewpoint. The e ects of this imaginary component on the damping of the plasmon can be analyzed through the energy loss function, a common metric for the strength of modes in an electronic system [18] .
We also see that an iterative procedure will be required to self-consistently solve form(q, ω), but due to the perturbative nature of roughness the calculations are expected to converge.
Concluding remarks
Analysis of the zeroes of the function det[ϵ(q, ω)− m(q, ω)] gives us the total dispersion relation for plasmons in graphene, for the case of graphene directly on a substrate and for the case of a nite gap between the two. m(q, ω) in this dispersion relation is given by Eqs. 43 and 50 for the respective cases. Factors that can be controlled within our model include the transverse correlation lengths as,g, the mean-square heights σs,g, the average height of the graphene above the substrate h , the level of doping re ected in a shift in the chemical potential µ, the dielectric constant ϵ of the substrate, and whether we choose for the correlation between the surfaces to be strong or zero. Other assumptions about the correlation function between the surfaces can be adopted but the two chosen re ect extremes in correlation and can be veri ed before more advanced models are pursued.
The e ect of roughness on these plasmons with the given parameters has yet to be given a proper computational treatment, although the theoretical treatment presented above already gives some general results. The rst and main one is that some imaginary component must be included in the dielectric function (and hence the frequency) in order for a convergent result for the dispersion relation to hold. Although this component is likely to be small, it suggests that the roughness of a surface cannot be mathematically consistent with a lossless mode. Another noticeable result for the case of the zero gap problem is that, in the limit of q → , the e ect of roughness is not necessarily zero. This is counter-intuitive, since on the scale of small wavenumber the e ect of roughness is expected to disappear, whereas our analysis shows that m(q) ∼ O(σ /a ). The e ect that roughness could have on the optical region of graphene plasmons makes our results all the more interesting.
Due to the increasing applications of graphene in elds where the ne detection of plasmons (e.g. surface plasmon resonance) is required, understanding the nature of its rough surface and that of any underlying substrate has practical value in addition to its theoretical value. Analyzing and comparing our systems of zero-gap graphene-substrate system with that of a nite-gap graphene-substrate system may show that the common assumption of a zero-gap system di ers too signi cantly from what the expected behaviour of graphene plasmons is.
